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ABSTRACT
We study the behavior of the Wilson loop in the (5+1)-dimensional supersymmetric Yang-Mills
theory with the presence of the solitonic object. Using the dual string description of the Yang-Mills
theory that is given by the D1/D5 system, we estimate the Wilson loops both in the temporal and
spatial cases. For the case of the temporal loop, we obtain the velocity dependent potential. For
the spatial loop, we find that the area law is emerged due to the effect of the D1-branes. Further,
we consider D1/D5 system in the presence of the constant B field. It is found that the Wilson
loop obeys the area law for the effect of the noncommutativity.
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1 Introduction
The large N limit of the conformal field theory can be described by the supergravity on AdS ×
(manifold), which is known as AdS/CFT correspondence [1, 2, 3, 4]. For example, N=4 super-
symmetric Yang-Mills theory in (3+1)-dimensions can be described by type IIB string theory on
AdS5 × S5 with the appropriate boundary conditions. The supersymmetry group of AdS5 × S5 is
equivalent to the superconformal group in (3+1)-dimensions. The radius R over string length ℓs
of the AdS5 and S
5 is given by R4/ℓ4s ∼ gN ∼ g2YMN . The supergravity description is valid in the
R≫ ℓs region, which correspond to taking the ’t Hooft limit of the Yang-Mills theory. Therefore,
the strong coupling limit of the Yang-Mills theory can be described by the low energy limit of
the superstring theory. Using this duality, we can estimate the quark-antiquark potential for the
N = 4 supersymmetric Yang-Mills theory. Maldacena [5], Rey and Yee [6] show that the potential
is given by the Coulomb type,
Eqq¯ = − 4π
2R2
Γ(1/4)4
1
L
. (1)
Furthermore, the N coincident extremal Dp-branes system can describe the (p + 1)-dimensional
U(N) supersymmetric Yang-Mills theory with sixteen supercharges [7] in the decoupling limit.
Similarly, the large N limit of the noncommutative gauge theories are described by the Dp-
branes system with a constant B field in the near horizon region [8, 9, 10]. It is well-known
that the noncommutative Yang-Mills theory is equivalent to ordinary Yang-Mills theory with the
perturbative higher dimension operator [11]. At the long distance (IR regime), the dual gravity
description of the noncommutative supersymmetric Yang-Mills theories becomes the AdS5 × S5.
Then, the noncommutative gauge theories reduce to the commutative ones. However, close to
the boundary (UV regime) with taking B field to infinity, the noncommutativity effect becomes
strong. Therefore, the dual gravity solutions behave differently from the commutative ones. We
can see this noncommutativity effects in the Wilson loop as shown in [12]. For the large loop,
that corresponds to the IR limit with small noncommutativity effects, the Wilson loop shows a
Coulomb law behavior [8, 10]. On the other hand, for the small loop, we find the area law and the
string tension is controlled by the noncommutativity scale [12, 13].
In type IIB string theory, there is the black hole solution with non zero horizon area, which is
known as D1/D5 system [14]. In the context of the AdS/CFT correspondence, the D1/D5 system
whose near horizon geometry is AdS3×S3×M4 can describe the (1+1)-dimensional conformal field
theory having eight supersymmetries [1]. One possible interpretation of the CFT is that the target
space of the CFT is the moduli space of the instantons [15, 16]. Small fluctuations of the instanton
moduli are described by a (1+1)-dimensional sigma model. The extension to the noncommutative
space-time is given by [16, 17, 18]. In this case, the background metric of the string theory is
deformed to AdS3 × S3 ×X where X is the four dimensional manifold. For the effect of B field,
X become noncommutative manifold [18].
More generally, we can expect that the non-conformal gauge theories can be described by the
corresponding gravity theories [4], e.g. the D-instanton + D3-brane configuration, shortly denoted
by the D(-1)/D3 system [19], which is T -dual to the D1/D5 system. The D3 branes system is
dual to the CFT and the quark-antiquark potential is Coulombic. However, the D(-1)/D3 system
is dual to the nonconformal theory and the potential is linear in L due to the existence of the
D-instantons. For the case of the D5 branes system, it is dual to the super Yang-Mills [7] and the
Wilson loop has a zero value [20]. How does the physics of the D5 branes system change if we
introduce the D1-branes?
In this letter, we consider the D1/D5 system which is the dual string description of the (5+1)-
dimensional gauge theory with the solitonic object [21, 22]. In this case, D1-branes can be inter-
preted as the instantons [15]. We estimate the Wilson loop of the gauge theory using the dual
2
string description. By taking the appropriate decoupling limit, we find the quark-antiquark po-
tential. For the temporal loop, we have the velocity dependent potential. On the other hand, the
spatial loop shows the area law for the effect of the D1-branes. Further, we consider the D1/D5
system on the noncommutative space and estimate the Wilson loop. In this case, we have a area
law even when the noncommutativity becomes strong.
2 Temporal Wilson Loop in the moving frame
The supergravity solution corresponding to the extremal D1/D5 system is given by [1]
ds2 = f
−1/2
1 f
−1/2
5 (−dt2 + dx21) + f1/21 f−1/25 (dx22 + · · ·+ dx25) + f1/21 f1/25 (dr2 + r2dΩ23), (2)
where
f1 = 1 +
R21
U2
, f5 = 1 +
R25
α′ 2U2
. (3)
Here, we define
R21 ≡
(2π)4α′gQ1
V4
, R25 ≡ α′gQ5, U =
r
α′
, (4)
and V4 is the volume of M4. We take the decoupling limit with keeping the volume of the M4
finite as
α′ → 0, r/α′ = fixed, V4/(2π)4 = fixed,
R21 = fixed, R
2
5 = fixed.
(5)
In this limit, the metric becomes
ds2/α′ =
U
R5f
1/2
1
(−dt2 + dx21) +
Uf
1/2
1
R5
(dx22 + · · ·+ dx25) + UR5f1/21
(
dU2
U2
+ dΩ23
)
. (6)
Now, we calculate the quark-antiquark potential. The Wilson loop can be regarded as the phase
factor of a heavy massive quark [5]. We consider a rectangular loop with sides T and L. Here, T and
L are identified with time direction and the distance between quark and antiquark, respectively.
The Wilson loop averages are postulated to be given by minimizing the relevant Nambu–Goto
(NG) action,
S =
1
2πα′
∫
dτdσ
√
det(GMN∂µXM∂νXN) . (7)
We will consider the moving string with velocity v in X3 direction. Then, we take the configuration
as
X0 = τ, X2 = σ, X3 = vτ, U = U(σ). (8)
In this case, the NG action becomes
S =
TR1R5
2π
∫
dσ
√
(1 − v2f1) (u′ 2 +Hu4), (9)
where u′ = ∂σu and
H ≡ R
2
1
U2
=
1
R25u
2
, (10)
3
and we rescale the parameter as
u =
U
R1R5
. (11)
At extremum of the action, we find
Hu4
√
1− v2f1
u′ 2 +Hu4
= const. (12)
We take u = u0 at ∂σu = 0, then we have
∂σu = C
−1
√
H0u
√
u2 − u20, (13)
where H0 = H(u0) and the constant C is given by
C =
√
1− v2f1(u0)√
1− v2 . (14)
Therefore, the u0 is determined by the condition
L
2
=
C
u0
√
H0
∫
∞
1
dy
y
√
y2 − 1 =
πCR5
2
, (15)
where y = u/u0. Note that it is consistent with [20] when v = 0. Now, we compute the energy of
the quark-antiquark pair. The energy is given by
E =
S
T
=
R1R5u0
π
√
1− v2
∫
dy
[
(1− v2)y√
y2 − 1 −
v2H0
y
√
y2 − 1
]
. (16)
We subtract the infinite mass of the two quarks which corresponds to the energy of the stretching
strings [4, 5]. Therefore, the energy is given by
E = E(u0)− E(u0 = 0) = − v
2R1
2
√
1− v2
√
H0. (17)
Finally, we have
E = −vR1
2
√
1− 8π
g2YMQ5
L2, (18)
where the coupling constant of the Yang-Mills theory is given by g2YM = (2π)
3gα′ [7] on p = 5. The
potential depends on the speed of the moving frame and the D1 charge. More generally, when we
consider the moving string with the velocity v = (v3, v4, v5) in X
3, X4, X5 directions, the potential
is proportional to the speed v =
√
v23 + v
2
4 + v
2
5 . The “instantons” affect the system and the
attractive force is emerged. We also note that the distance L does not exceed the gYMQ
1/2
5 /(8π)
1/2.
The maximum of the distance L corresponds to u0 =∞. At this point the energy becomes zero.
3 Spatial Wilson Loop in the noncommutative space
Next, we consider the D1/D5 system in the presence of the constant B field. Here, we take the
nonzero component of the B field at x2, x3 directions. In this case, the solution with the Euclidean
signature is given by [8]
ds2 = f
−1/2
1 f
−1/2
5 (dt
2 + dx21) + f
1/2
1 f
−1/2
5
[
h˜(dx˜22 + dx˜
2
3) + dx
2
4 + dx
2
5
]
+f
1/2
1 f
1/2
5 (dr
2 + r2dΩ23), (19)
4
where f1, f5 is defined in eq.(3) and
h˜−1 = (f1/f5) sin
2 θ + cos2 θ. (20)
We take the decoupling limit of eq.(5) with
b = α′ tan θ ≡ aR5, x˜2 = α
′
b
x2, x˜3 =
α′
b
x3. (21)
In this case, the metric becomes
ds2/α′ =
U
R5
√
f1
(−dt2 + dx21) +
U
R5
√
f1
[
h(dx22 + dx
2
3) + dx
2
4 + dx
2
5
]
+UR5
√
f1
(
dU2
U2
+ dΩ23
)
, (22)
where h−1 = 1 + a2U2f1. Since we now consider the spatial loop, we take the configuration as,
X4 = τ, X2 = σ, U = U(σ).
In this case, the Nambu–Goto action becomes
S =
T
2π
∫
dσ
√
f1
(
U ′ 2 + h
U2
R25
)
. (23)
Similarly, defining U0 with ∂σU |U=U0 = 0, we have
∂σU =
hU
U0R5
√
f
(0)
1
√
U2 − U20 , (24)
where f
(0)
1 = f1(U0). Finally, the distance of the quark-antiquark L is given by
L
2
= R5
√
f01
∫
∞
1
dy
[
1 + a2R21
y
√
y2 − 1 +
(aU0)
2y√
y2 − 1
]
, (25)
where y = U/U0. For the noncommutaitve case, the distance L becomes infinite at aU0 ≫ 1 (UV
limit) [12, 13]. This can be occurred as the effect of the noncommutativity. In the present case,
since the second term which has the noncommutative parameter a is dominant at the UV regime.
the distance becomes infinite. Dhar and Kitazawa [12] discuss the system of D3 branes in the
presence of B23 field and suggest that the boundary is located at a finite value of U . Therefore,
for the case of the D1/D5 system with B23 field, the boundary might also be located at U = Λ.
The energy of the quark-antiquark pair is given by
E =
U0
π
√
h0
∫ Λ/U0
1
dy
[
R21/U
2
0
y
√
y2 − 1 +
y√
y2 − 1
]
, (26)
where h−10 = 1 + a
2U20 f
(0)
1 . When the noncommutativity is large (aU0 ≫ 1), we obtain
L
2
≃ R5a2U0
√
Λ2 − U20 , E ≃
aU0
π
√
Λ2 − U20 . (27)
5
Therefore, we get the linear potential
E =
1
2πaR5
L =
√
2π
a
√
Q5gYM
L, (28)
where gYM is the coupling constant of the Yang-Mills theory in the (5+1)-dimensions. Note that
the string tension depends on the inverse of the noncommutative parameter a and the Yang-Mills
coupling. Therefore, the area law behavior could be caused by the nonperturbative effect. On
the other hand, when D1 charge Q1 is large (R1 ≫ 1) and the noncommutativity effect is small
(aU0 ≪ 1), the first term of L and E is dominant. Then, D1 branes play an important role in this
region. In this case, L and E are given by
L
2
≃ R1R5
U0
(1 + a2R21)g(Λ), E ≃
R21
πU0
√
1 + a2R21g(Λ), (29)
where
g(Λ) = tan−1
√
Λ2 − U20
U0
. (30)
Therefore, we get the linear potential as
E =
R1
2πR5
√
1 + a2R21
L. (31)
Although, in the commutative space-time (a = 0), the potential of the quark-antiquark is linear in
L;
E =
R1
2πR5
L. (32)
Note that in the D3 brane system, the potential becomes the Coulombic when the noncommuta-
tivity effect is small [12]. However, in D1/D5 system, the potential is linear in L.
4 Summary and Concluding remarks
We have considered the (5+1)-dimensional gauge theory in the presence of the solitonic object
as the low energy theory of the D1/D5 system. Using this dual description, we can estimate the
Wilson loop in the (non)-commutative space along the same strategy of [5, 6]. However, we take the
decoupling limit with keeping the volume of theM4 finite. Further, for the noncommutative space,
the constant B field is introduced in the supergravity theory. Thus, the part of the supersymmetry
is broken in the noncommutative Yang-Mills theory. Therefore, the Yang-Mills theory becomes
the nonconformal theory.
In the temporal loop, we have the velocity dependent potential. In the D5 system, the distance
L is independent of U0 and the energy is zero [10, 20]. However, in the D1/D5 system, the potential
becomes nontrivial due to the effect of the D1 branes. This may be the “instantons” effect. The
potential eq.(18) implies that the distance of the quark-antiquark must satisfy
L < (8π)−1/2gYM
√
Q5. (33)
This relation was found in [20], which must be related to the existence of a non-locality scale [20].
In the spatial loop, which corresponds to the Euclidean field theory, we have the area law
both in the commutative and the noncommutative space. Then, the potential of the quark and
6
antiquark behaves linearly. In UV region (aU0 ≫ 1), the noncommutativity effect is crucial and
the string tension is controlled by the noncommutativity parameter. Note that, in our case, the
string tension depends on 1/gYM . Therefore the result suggests that it is the nonperturbative
phenomena. In noncommutative gauge theories, the area law behavior could be occurred by the
nonperturbative effect. Unfortunately, at the present, we do not know how the nonperturbative
effect can be described in the noncommutative gauge theory view point. But, the area law behavior
of the noncommutative Yang-Mills theory in the strong commutativity can be universal [13], and
then it could be caused by the nonperturbative effect.
It is interesting to note that even in IR region (aU0 ≪ 1) where the noncommutativity effect
is small, we also have the area law. This is the different point against the D3 brane case [12].
However, Liu and Tseytlin [19] consider SO(4)×SO(6) invariant type IIB string solution describing
D3 branes with D-instantons distributed over D3 brane world volume, which is known as the D(-
1)/D3 system. They estimate the Wilson loop and show that the area law is emerged. The string
tension of D(-1)/D3 system depends on the D-instanton density. Since the D-instanton is related
to the self-dual gauge field, the gauge field condensation leads to the area law behavior of the
Wilson loop [19]. Similarly, in the D1/D5 system, the Wilson loop shows the area law and the
string tension is proportional to the D1 charge. The D1 brane is interpreted as the instanton
carrying the D1 charge Q1 [21]. Therefore, the Wilson loop satisfies the area law for the effect of
the “instantons”. We also note that the D1/D5 system is T -dual to D(-1)/D3 or D0/D4 system.
Then, the present result is consistent with Liu and Tseytlin [19]. Finally, the confinement should
be caused by these solitonic object [19].
In several cases of the near extremal solutions or the finite temperature theories [23, 20, 24], we
have the area law behavior of the Wilson loop. The non-zero temperature breaks supersymmetry
and the conformal invariance. Therefore, we can expect that even for the non-supersymmetric case,
the strongly coupled gauge theories can be described by the dual string theories. In this letter, we
consider the extremal branes solution and find the area law behavior of the Wilson loop. In this
case, the area law behavior is caused by the effect of the D1 branes and the B field. Further, the
part of the supersymmetry can be broken in our limiting procedure. Therefore, the corresponding
gauge theory is the non-conformal theory.
It would be interesting to study whether the area law behavior of the Wilson loop is universal in
other (nonconformal) gauge theories by using the dual description of more general Dp/Dp′ systems
(with constant B-field).
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